Models of rotationally-driven dynamos in stellar radiative zones have suggested that magnetohydrodynamic transport of angular momentum and chemical composition can dominate over the otherwise purely hydrodynamic processes. A proper consideration of the interaction between rotation and magnetic fields is therefore essential. Previous studies have focused on a magnetic model where the magnetic field strength is derived as a function of the stellar structure and angular momentum distribution. We have adapted our one-dimensional stellar rotation code, rose, to model the poloidal and toroidal magnetic field strengths with a pair of time-dependent advection-diffusion equations coupled to the equations for the evolution of the angular momentum distribution and stellar structure. This produces a much more complete, though still reasonably simple, model for the magnetic field evolution. Our model reproduces well observed surface nitrogen enrichment of massive stars in the Large Magellanic Cloud. In particular it reproduces a population of slowly-rotating nitrogen-enriched stars that cannot be explained by rotational mixing alone alongside the traditional rotationlly-enriched stars. The model further predicts a strong massdependency for the dynamo-driven field. Above a threshold mass, the strength of the magnetic dynamo decreases abruptly and so we predict that more massive stars are much less likely to support a dynamo-driven field than less massive stars.
INTRODUCTION
The study of rotation in the radiative zones of stars is strongly coupled with the evolution of magnetic fields. Observation of stellar magnetic fields is difficult but a number of magnetic O and B stars have been discovered (Donati et al. 2001 (Donati et al. , 2002 Neiner et al. 2003; Donati et al. 2006a,b; Grunhut et al. 2011) . Combined with this, a number of chemically peculiar A and B stars (known as Ap and Bp stars respectively) with surface field strengths up to 20kG have been identified (e.g. Borra & Landstreet 1978; Bagnulo et al. 2004; Hubrig et al. 2005) . We direct the reader to Mathys (2009) for a review. These large-scale fields tend to have simple geometries and there is debate over whether they arise from fossil fields present during a star's formation (Cowling 1945; Alecian et al. 2008) or from a rotationally-driven dynamo operating in the radiative zone of the star (Spruit 1999; Maeder & Meynet 2004) . * E-mail: apotter@ast.cam.ac.uk
In this paper we focus on the latter but we give consideration to whether a fossil field can be sustained throughout the stellar lifetime.
In low-mass stars, where the outer region is convective, magnetic fields are expected to be formed in a strong shear layer at the base of the convection zone and then transported to the surface by convection and magnetic buoyancy (Nordhaus 2010) . In radiative zones there is no strong bulk motion to redistribute magnetic energy. In most dynamo models, magnetic flux is redistributed by magnetorotational turbulence (Spruit 2002 ). This turbulence is also responsible for driving the generation of large-scale magnetic flux. This is the α-effect (e.g. Brandenburg 2001) which applies to both poloidal and toroidal components, although in rotating systems shear is generally more effective at producing toroidal field from the poloidal component and so the α-effect is needed for the poloidal field only. The toroidal field is instead maintained by the conversion of poloidal field into toroidal field by differential rotation. This is commonly referred to as an α-Ω dynamo (Schmalz & Stix 1991) .
Because observed fields are potentially strong enough to affect chemical mixing and angular momentum transport, their inclusion in stellar evolution models is essential. Rotation itself is a likely candidate to drive dynamo mechanisms within a star and theoretical models (e.g. Spruit 1999 ) have predicted magnetic fields that can produce turbulent instabilities which dominate the transport of angular momentum. Whilst the purely hydrodynamic evolution of the angular momentum distribution in main-sequence stars has been considered extensively in the framework of one-dimensional stellar evolution calculations (e.g. Heger et al. 2000) , magnetic fields have received far less attention (Maeder & Meynet 2004; Brott et al. 2011a) . The evolution of the angular momentum distribution and magnetic field strength have a significant effect on the final fate of a star and its ejecta.
Apart from causing chemical mixing, sufficiently strong magnetic fields are expected to cause magnetic braking that results in the rapid spin down of rotating magnetic stars (Mathys 2004) . It has been suggested that magnetic fields might explain the existence of slowly-rotating, chemically peculiar stars in surveys of rotating stars (Hunter et al. 2009 ). We include a model for magnetic braking based on that of ud- Doula & Owocki (2002) and show the effects it has on the models of magnetic stars.
Many studies of magnetic fields in massive mainsequence stars consider the Tayler-Spruit dynamo mechanism (Spruit 2002) . This model asserts that pinch-type instabilities (Tayler 1973; Spruit 1999) arise in toroidal fields that drive magnetic turbulence that enforces solidbody rotation. The growth of instabilities is controlled by magnetic diffusion which ultimately determines the equilibrium strength of the field. This idea was built upon by Maeder & Meynet (2004) who found that the Tayler-Spruit dynamo did indeed result in far less differential rotation than in solely hydrodynamic models. It was also incorporated in the work of Brott et al. (2011a) who compared stellar evolution calculations based on the Tayler-Spruit dynamo with the data from the VLT-FLAMES survey of massive stars (e.g. Evans et al. 2005 Evans et al. , 2006 . They found reasonable agreement between the observed and simulated samples (Brott et al. 2011b ). However, Potter et al. (2012b) found equally good agreement between the data from the VLT-FLAMES survey and purely hydrodynamic models based on models of Heger et al. (2000) and .
In the models of of Spruit (2002) and Maeder & Meynet (2004) , the magnetic field is purely a function of the stellar structure and rotation. Whilst it feeds back on the system via turbulent diffusivities, the magnetic field doesn't appear as an independent variable within the system. In this work we have continued along similar lines to Spruit (2002) but have developed a magnetic model where the poloidal and toroidal components are evolved via advection-diffusion equations derived from the induction equation. These are similar in form to the angular momentum evolution equation. The magnetic field and angular momentum evolution are coupled by turbulent diffusivities, magnetic stresses and conversion of poloidal field into toroidal field by differential rotation. The dynamo is completed by regeneration of magnetic flux by a simple α-Ω dynamo. We look at how the predicted surface magnetic field varies with age and rotation rate for a range of initial masses and how a simulated population of magnetic stars compares to the data from the VLT-FLAMES survey of massive stars (Dufton et al. 2006) . We also consider how our model behaves with a strong initial fossil field but without the action of a dynamo.
In section 2 we briefly review the model we use to simulate the magnetic fields including the equations for the α-Ω dynamo and magnetic braking. In section 3 we look at the predictions of the model for a range of stellar masses and initial rotation rates and how simulated populations compare with observations, in section 4 we present a discussion of the results and in section 5 we give our concluding remarks.
ROTATING MAGNETIC MODEL
In order to simulate the magnetic field in stellar interiors we build on the code rose described in Potter et al. (2012a) for one-dimensional stellar evolution calculations which include purely hydrodynamic angular momentum evolution. The code is based on the Cambridge stellar evolution code stars (Eggleton 1971; Pols et al. 1995; Stancliffe & Eldridge 2009 ) and incorporates a number of different models for stellar rotation (e.g. Talon et al. 1997; Heger et al. 2000; Maeder 2003) as described in Potter et al. (2012a) . The evolution of the angular momentum is based on the shellular rotation hypothesis (Zahn 1992) and treats the angular momentum evolution with a one-dimensional advection-diffusion equation.
Magnetic field evolution
We approach the evolution of the magnetic fields in a similar way to the evolution of the angular momentum distribution. In the radiative zones of stars, turbulence from purely rotational or magnetorotational instabilities leads to the generation of magnetic field by an αΩ-dynamo mechanism. We assume a background velocity field of the form
where P2(x) is the 2nd Legendre polynomial and U (r) and V (r) are the components of the meridional circulation and are related by the continuity equation
The radial component, U (r), is taken to be the same as described by Potter et al. (2012a) based on . It has been suggested that meridional circulation can be neglected in the presence of strong magnetic fields (Maeder & Meynet 2003) . We discuss whether this is indicated by our model in section 3.2. For now we leave it in our equations for completeness. The evolution of the large-scale magnetic field is described by the induction equation
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Assuming an azimuthal form for the mean field we may write B as
Substituting equations (1) and (4) into (3) gives
and
where we have introduced the α-term in equation (6) to describe the regeneration of the poloidal field by the dynamo (Schmalz & Stix 1991) . The radial and latitudinal components of the magnetic field are Br and B θ respectively. Under the assumption of shellular rotation, the term B θ ∂Ω/∂θ sin θ = 0. In order to reduce the equations to one dimension we need to choose the θ-dependence of the magnetic field and perform a suitable latitudinal average of equations (5) and (6). First we choose A(r, θ) =Ã(r) sin θ so that in the limit of no meridional circulation or magnetic stresses, the poloidal field tends towards a dipolar geometry. Under this assumption Br = 2Ã cos θ/r and B θ = −d(rÃ)/dr sin θ. We could equally choose a quadrupolar or higher order geometry but we start with this as the simplest case. The radial field has negative parity about the equator so this must also be true of the toroidal field. The toroidal field must also vanish at the poles to avoid singularities. We therefore choose B φ =B φ (r) sin(2θ). Again, this is not a unique choice but is the lowest order Fourier mode that meets our requirements. Finally we take α =α(r) and η =η(r).
We take the average of a quantity q to be
q sin θdθ.
The second identity holds because of our choice of parity for the various terms in equations (5) and (6). Hereinafter we drop the use of angled brackets and write q =q for the radially-dependent components of the magnetic field and related quantities. Taking averages of equations (5) and (6) we get
In the case where diffusion dominates, A → 1/r 2 and B φ → 1/r 3 . This is what we expect for a dipolar field. Our boundary conditions are B φ = 0 and B θ ∝ ∂(rA)/∂r = 0 at r = 0 and R * .
Evolution of the angular momentum distribution
In the Taylor-Spruit dynamo Spruit (2002) angular momentum transport is driven by the Maxwell stress produced by the magnetic field. This process is assumed diffusive and an effective diffusion coefficient is derived. We treat the angular momentum evolution in radiative zones by extending equation (12) of Potter et al. (2012a) to
where the pre-factor in the magnetic stress term comes from the combination of a factor of 1/4π for the permeability of free space and 3/2 from the spherical average, r 2 sin 2 θ , on the left-hand side. The term Dtot is the total diffusion of angular momentum that arises from a combination of purely rotationally-driven turbulence, magnetorotational turbulence and convection. Purely hydrodynamic turbulence comes from Kelvin-Helmholtz instabilities that are driven by shear. We refer to this diffusion coefficient as DKH. There are other sources of hydrodynamic turbulence, including an effective diffusion owing to the meridional circulation, but we shall group these all in DKH. We use the formulation of Potter et al. (2012a) , based on that of Maeder (2003) , but other formulations may be used instead, described by Potter et al. (2012b) . The diffusion by convective transport is Dcon and is based on the effective diffusion from mixing-length theory (Böhm-Vitense 1958) . Finally the magnetic diffusion is Dmag. With this notation Dtot = DKH + Dcon + Dmag. After averaging the magnetic stress term in equation (10) over co-latitude we find
where a factor of 8/π appears in the Maxwell stress term owing to the spherical average. We see that the Maxwell stress does not act diffusively as is often suggested. Spruit (2002) equates the Maxwell stress, S, to rρνe∂Ω/∂r, where νe is some effective diffusivity. This automatically assumes that the large scale stresses lead to solid body rotation and is unjustified. It leads to a diffusion coefficient of the form νe ∝ (∂Ω/∂r)
−1 and so high diffusion rates for small shear. We could have equally assumed any similar relation such as S = (ρνe/r)∂(r 2 Ω)/∂r, whereνe is now an effective diffusivity which drives the system towards uniform specific angular momentum. For Spruit (2002) this never becomes a problem because he assumes a steady-state saturated magnetic field but it does present a problem for systems where the magnetic field strength is independently derived. The magnetic stress term in fact acts advectively and so can increase the amount of shear in the system.
Magnetic diffusion
Instead of relying on the large scale Maxwell stress to redistribute angular momentum in radiative zones, we use the magnetic turbulence from the Tayler-instability (Tayler 1973) . Turbulent diffusion coefficients for this instability were proposed by Spruit (2002) and Maeder & Meynet (2004) . We follow a similar method to derive the associated diffusion coefficients here. The main difference is that we solve for the magnetic field and hence the Alfvén velocity independently instead of treating it as a function of the rotation rate.
First, the energy of the instability must be enough to overcome the restoring buoyancy force. This puts a limit on the vertical extent of the magnetic instability
where
2 ρ is the Alfvén frequency and N is the relevant buoyancy frequency. If this length scale is too small then the magnetic diffusivity damps the instability. Spruit (2002) takes this limit to be
When account is taken of the thermal diffusivity, the buoyancy frequency given by Maeder & Meynet (2004) is
where K is the thermal diffusivity, N 2 T is the Brunt-Väisälä frequency and N 2 µ is the frequency associated with the mean molecular weight gradient. Substituting equation (14) into equations (12) and (13) gives a quadratic equation for η,
T and K ≪ η we recover equation (1) of Maeder & Meynet (2004) and in the limit N 
In equation (15) we make the substitution η = Cmη ′ where Cm is a calibration constant which we expect to be of order unity. The chemical composition of the star evolves in radiative zones according to the equation
where Prc is the turbulent chemical Prandtl number and Xi is the mass fraction of element i. Similarly we take the magnetic diffusivity to be η = Prm Dmag where Prm is the turbulent magnetic Prandtl number. We look at the effect of varying these two parameters in section 3.7 but we expect the magnetic Prandtl number to be of order unity (Yousef et al. 2003) .
Dynamo model
We describe the dynamo generation parameter by taking α = γr/τa where γ is an efficiency parameter and τa is the amplification time scale of the field. Following Maeder & Meynet (2004) we take τa = N/ωAΩq where q = ∂(log Ω)/∂(log r). Combining these our dynamo efficiency is given by
Magnetic braking
Strongly magnetic intermediate-mass stars typically have rotation rates much slower than other stars in their parent population (Mathys 2004) . If the Alfvén radius, the radius at which the magnetic energy density is the same as the kinetic energy density in the stellar wind, is larger than the stellar radius then magnetic braking allows additional angular momentum to be carried away by the stellar wind. 
where dHtot/dt is the total rate of angular momentum loss from the star and is given by
The Alfvén radius is RA, σ = RA/R and J surf is the specific angular momentum at the surface of the star. Following the analysis of ud-Doula & Owocki (2002) we can calculate the magnetic efficiency
where v∞ = vesc = √ 2g eff R and vesc is the escape velocity at the stellar surface. We have assumed that the external field is dipolar (q = 3). The Alfvén radius is typically taken where the dynamo efficiency equals unity. Rearranging equation (21), and setting φ = 1 and σ = r/R = RA/R at r = RA we find
We assume σ ≫ 1 so that
for the remainder of this paper. If RA < R then we take σ = 1 so that, as star loses mass, material carries away the specific angular momentum of the material at the surface. When we approach this limit we should calculate σ exactly from (22) but for now we assume that (23) remains valid.
In section 3.3 we typically find either strong fields where σ ≫ 1 or very weak fields where we can safely take σ = 1. So far we have been unable to produce a stable model for the mass-loss rates of Vink et al. (2001) and so use the rate of Reimers (1975) in equation (23). For intermediate-mass stars on the main sequence this approximation is reasonably accurate.
Free parameters
Like most theories for stellar rotation and magnetic field evolution we have produced a closed model which depends on a number of free parameters. We look at typical physically motivated values for these parameters in section 3.7 and also the effect of varying them. In total we have four free parameters. The parameter Cm affects the overall strength of the turbulent diffusivity. The magnetic and chemical Prandtl numbers, Prm and Prc, describe how efficiently the turbulent diffusivity transports magnetic flux and chemical composition compared to angular momentum. And γ affects the strength of the dynamo generation. Whilst Prm and Cm are both expected to be of order unity we have left them as free parameters for the moment to maintain of generality.
RESULTS
We simulated a grid of models with masses 4 < M/ M⊙< 24 and initial rotation rates 0 < vini/km s −1 < 600, except where the initial rotation rate is greater than the critical rotation rate of the star. All of the models described are at LMC metallicity as used by Brott et al. (2011a) . We set Cm = 1 and Prm = 1. We also set γ = 10 −15 which results in a maximum field strength across the whole population of B ≈ 20 kG. The maximum terminal-age main-sequence (TAMS) nitrogen enrichment in the simulated magnetic population, including observational constraints, is matched with the maximum enrichment in the slowly rotating population of Hunter et al. (2009) . This gives Prc = 0.01. In each model the rotation and magnetic field were allowed to relax to equilibrium at the zero-age main sequence (ZAMS). The grid of initial models is shown in Fig. 1 which also shows the ZAMS surface field strength in each model. We will look at this in more detail in section 3.3.
Magnetic field evolution
Owing to the strong magnetically-induced turbulence, the toroidal field behaves roughly as B φ ∝ r −3 and the poloidal field behaves as A ∝ r −2 so both are much stronger towards the core than at the surface of the star as shown in Fig. 2 . The toroidal field falls to zero within a very narrow region near the surface of the star to meet the boundary conditions. The strength of the toroidal field predicted is around nine orders of magnitude larger than the poloidal field. This is because the Ω-effect, the conversion of poloidal field into toroidal field by differential rotation, is much stronger than the α-effect which regenerates the poloidal field. We take the surface value of the field to be the strength of the toroidal field just below the boundary layer. If we were instead to take the poloidal field, we would need a larger value of γ to produce a stronger field. In this case the toroidal field is around six orders of magnitude larger than the poloidal field. So a surface poloidal field of 10 3 G would correspond to a toroidal field of 10 9 G just below the surface. The fields then increase by several orders of magnitude towards the core. Not only do these field strengths seem unreasonably energetic but also the magnetic stresses result in cores that are spinning near or above break-up velocity. However, spectropolarimetric observations have concluded that the largescale structure of the external magnetic fields of massive stars are largely dipolar so there must be some mechanism for converting the toroidal field into poloidal field at the surface. It is likely that the stellar wind stretches the field lines in the radial direction, changing the toroidal field to a radial geometry as material is ejected from the stellar surface (Parker 1958) .
Owing to the very large value for Dcon predicted from mixing-length theory, the predicted field is extremely weak within the convective core. This is somewhat at odds with our observations in the Sun where large-scale magnetic flux can be transported through a convective region without being destroyed. It may be that convection is better treated by an anisotropic diffusivity. Certainly in the Sun, where the outer envelope is convective, we see latitudinal variations in the surface angular velocity which we have ignored owing to the shellular rotation hypothesis (Zahn 1992 ) which applies Figure 2 . Evolution of the magnetic field in a 5 M ⊙ star initially rotating at 300 km s −1 without magnetic braking. The left plot shows the magnetic potential for the poloidal field and the right plot shows the toroidal field. The α-effect produces a weak poloidal field which is efficiently converted into toroidal field by differential rotation. For each component, the field strength is approximately three orders of magnitude smaller at the surface than the core. The ratio of the toroidal and poloidal field strengths is of the order 10 9 . Figure 3 . Evolution of the surface magnetic field strength in a 5 M ⊙ star initially rotating at 300 km s −1 with and without magnetic braking. The surface field strength shows only a slight degree of variation during the main sequence when there is no magnetic braking. When magnetic braking is included the field strength peaks sharply after the ZAMS and then decays away rapidly. However, the field strength at the end of the main sequence is still several hundred Gauss.
to the radiative zones of massive stars. Therefore this does not strongly affect our model but deserves further consideration in the future.
We first consider models in the absence of magnetic braking in order to distinguish evolutionary effects owing to the dynamo from those caused by braking. In this case, although the surface field only exhibits a small degree of variation (Fig. 3) , the magnetic field inside the star becomes significantly stronger during the course of the main sequence. The surface magnetic field reaches a peak strength and then weakens towards the end of the main sequence. However, this change is always within a factor of three of the ZAMS value. This is consistent with the model of Tout & Pringle (1996) in which Ae/Be stars tap rotational energy early in their lives. The enhancement of the field inside the star is largely because the Brunt-Väisälä frequency decreases as the star expands during the main sequence. It is also partly because the amount of differential rotation increases as a result of the changing hydrostatic structure of the star.
We might intuitively expect that the spin down of the star owing to magnetic braking would cause the magnetic field to decay rapidly and this is true later in the life of the star. However, the inclusion of magnetic braking first leads to a significant enhancement of the magnetic field shortly after the ZAMS. When braking is included, the loss of angular momentum from the surface is so fast that diffusion of angular momentum cannot prevent a build up of shear within the radiative envelope. This drives additional generation of magnetic flux through the α-Ω dynamo and actually causes a much stronger peak field than without magnetic braking. The magnetic diffusion eventually reduces the amount of differential rotation and the magnetic spin down results in a weaker dynamo and faster rate of field decay. However, the field remains sufficiently large throughout the main sequence that the rate of chemical transport is still large enough to cause a significant amount of nitrogen enrichment. We discuss this further in section 3.6. Although the eventual decay of the surface field in the presence of magnetic braking is quite rapid, the field strength at the end of the main sequence is still several hundred Gauss. This is consistent with the observation that all chemically peculiar Ap stars have strong fields (Aurière et al. 2007 ).
Effect on angular momentum distribution
The effect of the magnetic field on the angular momentum distribution of a star has profound implications for its chemical evolution and the properties of its remnant. Shear arises in stars mostly as a result of changes in the structure from ongoing evolution and mass loss. Rotation also causes meridional circulation in stars. This contributes to the shear as we discussed in section 3.2. In the magnetic case, where mag- Figure 4 . Evolution of the surface magnetic field strengths in 4 M ⊙ , 6 M ⊙ and 10 M ⊙ stars initially rotating at 300 km s −1 with an α-Ω dynamo and magnetic braking. The maximum field strength is much greater in less massive stars. For all masses of star, the field strength increases sharply at the start of the main sequence owing to the rapid loss of angular momentum at the surface because of magnetic braking. This causes differential rotation which drives additional flux generation by the dynamo. This peak occurs later for more massive stars both in absolute time and as a fraction of their main-sequence lifetime. Following this, the field decays rapidly over the remainder of the main sequence.
netic braking is included, meridional circulation dominates over the magnetic stresses at the ZAMS for almost the entire star. For a 5 M⊙ star initially rotating at 300 km s −1 the meridional circulation is approximately six orders of magnitude stronger in the outer layers than the magnetic stresses at the ZAMS. Through most of the envelope the difference is between one and three orders of magnitude. However, when the magnetic field grows rapidly shortly after the ZAMS and magnetic braking begins to rapidly spin down the star this reverses and the magnetic stresses become much more important than the meridional circulation for the remainder of the main sequence. As we see in Fig 4 , this peak occurs later for more massive stars as a fraction of main-sequence lifetime and so the meridional circulation can dominate for longer. Therefore, whilst it is true that the meridional circulation has little effect on the evolution of magnetic stars for most of the main sequence, it is not necessarily true close to the ZAMS. This also suggests that the circulation terms in the induction equation, which we ignore in this paper, may in fact make a significant contribution to the transport of magnetic flux.
Apart from the physical effects that produce shear within the radiative envelope the other major factor that affects the angular momentum distribution is the strength of the turbulent diffusion. We have plotted the major diffusion coefficients at the ZAMS for a 5 M⊙ star initially rotating at 300 km s −1 in Fig. 5 . The overall diffusion coefficient predicted by the magnetic model is significantly larger than produced by hydrodynamic turbulence alone. We note that DKH ∝ (∂Ω/∂r)
2 predicted in the magnetic model is significantly lower than in the non-magnetic model. Whilst magnetic stresses should produce more shear than in the non-magnetic model, the diffusion coefficient is sufficiently high to cause an overall reduction in shear. This is illustrated in Fig. 6 where we have plotted the evolution of the angular momentum distribution for the same star without a magnetic field, with a magnetic field but without braking and with both a magnetic field and braking. There is a small region near the convective core in the magnetic star where the magnetic diffusion becomes much smaller owing to mean molecular weight gradients. In this region the hydrodynamic turbulence dominates. This region only exists at the start of the ZAMS because the field becomes much stronger shortly after and the effects of rotation decrease as magnetic braking spins the star down.
In Fig. 6 we see that, in the magnetic star without braking, there is far less differential rotation throughout the star than in the non-magnetic star. This also means that the cores of magnetic stars are likely to be rotating more slowly than non-magnetic stars even before the effects of braking are included. When braking is included we see much the same trend except, in the model with magnetic braking, the whole star spins down rapidly. The typical Alfvén radius for this star is approximately 50, meaning that the rate of angular momentum loss is several thousand times faster than without a magnetic field. We note that there is far more differential rotation in this star compared with the magnetic star without braking. This is because of the rapid loss of angular momentum from the surface of the star.
Mass-rotation relation of the main-sequence field strength
Historically the presence of strong magnetic fields in massive stars has been thought to be mainly confined to A stars and perhaps some of the lower-mass B stars (Mathys 2009 ). This may have been because of the difficulty in observing magnetic effects in the broad absorption features of more massive stars (Petit & Wade 2011) . However, as the amount of available data has grown, thanks to surveys such as MiMeS project (e.g. Wade et al. 2009 ), it has become clear that this is not caused simply by selection effects. By applying our model to the grid shown in Fig. 1 we are able to track the evolution of the surface field strength of stars and, in particular, how it varies with mass and rotation rate. We show this dependence at the ZAMS in Fig. 7 . It is immediately apparent that although stars less massive than around 15 M⊙ are able to sustain significant fields, no significant field is predicted in more massive stars except in very slow rotators. Even for high-mass, slow rotators the field doesn't exceed 200 G. The transition between a strong ZAMS field and no field is sharpest in rapid rotators. This transition is caused by the interaction between hydrodynamic and magnetic turbulence. If DKH exceeds Dmag for a sufficiently large region of the radiative envelope, the magnetic field decays exponentially and cannot be sustained by the dynamo. Because α ∝ ωA, the strength of the dynamo weakens with the magnetic field. In the case where Dmag is the dominant turbulent process, this is matched by a greater reduction in the turbulent diffusivity because, for most of the envelope, Dmag ∝ ω 2 A . As the diffusivity drops, the field is less efficiently dissipated and so an equilibrium is reached. When DKH dominates and the field decays the diffusivity is largely unaffected and so the dynamo continues to weaken causing the field to completely disappear. At higher masses Figure 5 . Diffusivities for the angular momentum resulting from convection, hydrodynamic and magnetohydrodynamic effects in a 5 M ⊙ star initially rotating at 300 km s −1 . The left plot is for a magnetic star whereas the right plot is for a non-magnetic star. We note that the model predicts more efficient transport by magnetic effects compared to purely hydrodynamic effects. We also note that in the magnetic star, the diffusion of angular momentum by hydrodynamic turbulence is greatly reduced because the magnetic field reduces shear. There is a small region near the convective core where the magnetic diffusion becomes much smaller owing to mean molecular weight gradients. In this region the hydrodynamic turbulence dominates. This region only exists at the start of the ZAMS because the field becomes much stronger shortly after and the effects of rotation decrease as magnetic braking spins the star down.
and rotation rates DKH is larger and so catastrophic quenching occurs for lower dynamo efficiencies. Assuming that both instabilities act in the radiative envelope, this explains why magnetic fields are more likely to be observed in A stars and less frequently in O and B stars.
Given that the magnetic field strength increases sharply after the main sequence before decaying away exponentially as discussed in section 3.1, we consider the distribution of magnetic field strengths in a population of stars with a continuous distribution of ages. The population is shown in Fig. 8 . The population undergoes continuous star formation, is drawn from a Salpeter IMF and a Gaussian velocity distribution with mean µ = 145 km s −1 and standard deviation σ = 94 km s −1 . We see that magnetic activity is highest in the least massive stars. As before, stars more massive than around 15 M⊙ show no magnetic activity. We note that the stars with the strongest fields fall outside the observational limits of the VLT-FLAMES survey of massive stars (Dufton et al. 2006) . We discuss this further in section 3.6.
We therefore predict two distinct populations of stars. The first is a population of slowly rotating, magnetic and chemically peculiar stars with masses less than 15 M⊙. The second is a population of more massive stars that are nonmagnetic and follow the trend discussed by Hunter et al. (2009) and Potter et al. (2012b) , where rotation and nitrogen enrichment have a strong positive correlation. This is precisely what we observe (Hunter et al. 2009 ). We may still observe A stars that are rapidly rotating but not highly enriched. These stars should still support a strong magnetic field but are sufficiently young that no chemical enrichment has occurred. These rapidly rotating stars would be very infrequent owing to the efficient spin down by the magnetic braking. A rapidly rotating, highly magnetic massive star was observed by Grunhut et al. (2012) . The star has a mass of 5.5 M⊙ and a surface rotation velocity of 290 km s −1 but has a surface field strength in excess of 10 kG.
Effect on the Hertzsprung-Russel diagram
Because less massive stars have stronger fields, both magnetically induced mixing and magnetic braking are much more effective in these stars. Owing to the stronger magnetic mixing, chemical transport is more efficient in less massive stars as discussed in section 3.6. As a result, more hydrogen is mixed down into the core of less massive stars. However, because magnetic braking causes lower-mass stars to spin down very rapidly, the effects on brightness and temperature that arise from changes in the stellar structure in rotating stars are far less apparent when magnetic fields are introduced, as shown in Fig. 9 . In the 10 M⊙ model we see that the difference between the magnetic and non-magnetic rotating models is smaller owing to the much weaker field and hence less rapid spin down. However, in the evolution of the 4 and 6 M⊙ models the magnetic stars remain barely distinguishable from the evolution of the non-rotating stars.
The lifetime of fossil fields
An alternative to the radiative-dynamo model is that the magnetic field originates in the material that formed the star. If the protostellar cloud which forms a star is weakly magnetic, conservation of magnetic energy would result in a very strong main-sequence field. We call these fossil fields (Braithwaite & Spruit 2004) . In order for the fossil field model to work, the field must be able to survive the collapse of the protostellar cloud during the star formation process. The fossil field argument also relies on a stable field configuration being reached that would avoid destruction on main-sequence lifetimes. Certain stable configurations have been found in recent years (Braithwaite & Nordlund 2006) and simulations have suggested that arbitrary field configurations do relax to these stable states (Mathis et al. 2011 Figure 6 . Evolution of the angular momentum distribution in a 5 M ⊙ star initially rotating at 300 km s −1 . The top plot is for a non-magnetic star, the middle plot is for a magnetic star without braking and the bottom plot is for a magnetic star with braking. In magnetic stars without braking, the strong magnetic turbulence results in much less shear than the non-magnetic equivalent. Stronger diffusion in the magnetic stars also leads to far less differential rotation between the core and the envelope. This causes higher surface rotation in the non-braked magnetic star compared to the non-magnetic star. When braking is introduced to the magnetic star it spins down rapidly. The angular momentum loss from the surface leads to a much higher degree of differential rotation in the magnetic star with braking compared to the magnetic star without braking. 2012a)) and magnetic stars initially rotating at 300 km s −1 . In less massive stars magnetic braking rapidly spins down the star so the structural effects of rotation are much less apparent. In more massive stars the effect of braking is much weaker and so the evolution is much closer to the rotating, non-magnetic model. 
B/G t/t ms
Dynamo-driven field Fossil field Figure 10 . Evolution of two 5 M ⊙ stars with different magnetic field models. The first star has no magnetic dynamo (γ = 0) but starts with a very strong initial field (B = 10 kG). The second star uses the same dynamo model and parameters as described in section 2. The star with an active dynamo is able to sustain the field for longer than the star with a fossil field but, owing to magnetic braking, both fields eventually decay exponentially. The two stars have similar field strengths at the end of the main sequence.
action, in particular the Tayler instability (Tayler 1973 ).
There are a number of other instabilities that could occur in simple field configurations (Parker 1966) but for now we consider only the Tayler instability. We consider two stars, both initially rotating at 300 km s −1 . The first star starts on the ZAMS with a magnetic field of 10 kG but γ = 0 so no dynamo operates. The second star is a rotating magnetic star with dynamo parameters described in section 2. The evolution of the magnetic fields is shown in Fig. 10 . In each case, the initial field undergoes some amplification at first owing to the onset of mass and angular momentum loss and the subsequent redistribution of angular momentum through the envelope. This is much more rapid in the case of the fossil field and does not appear in Fig. 10 . The field then decays exponentially during the main sequence. We note that although the star with an operating dynamo is able to prevent the field from decaying for a short time, once magnetic braking has spun the star down sufficiently, the dynamo can no longer maintain the field which then decays exponentially. The final field strength is similar in each case.
Because the fossil field model predicts field evolution similar to that of the dynamo model it is difficult to argue which model is more physically accurate. However, we note that the fossil field strength has to be several orders of magnitude larger than the initial field in the case of a magnetic dynamo in order to reproduce the same final field. The question remains whether the fossil field argument can produce stars with strong enough initial fields so that they remain strong enough to influence chemical mixing in the star during the main sequence. Moss (2003) examined how much magnetic flux could potentially survive to the ZAMS from the pre-main sequence. He found that a significant fraction of flux could survive but only if the magnetic diffusivity was sufficiently low. Above this limit, no flux was expected to survive. The fossil field must also reproduce the two distinct observed populations in the Hunter diagram, shown in Fig. 11 , discussed further in section 3.6. One could argue that this depends on the distribution of magnetic field strengths in protostellar clouds but the fossil field model must then also explain the mass-dependent distribution of field strengths observed in massive stars. Thus far we have come across no arguments that accurately reproduce these features of observed populations for fossil fields.
Effect on surface composition
The Hunter diagram (Hunter et al. 2009 ) is a plot of the surface nitrogen abundance in a star against surface velocity. The VLT-FLAMES survey of massive stars (Evans et al. 2005 Dufton et al. 2006 ) resulted in a significant amount of data on the nitrogen abundances in rotating stars in a number of samples from the Milky Way and Magellanic Clouds (Hunter et al. 2009 ). In particular it was observed that there exists a class of stars that are slowly rotating (v < 60 km s −1 ) but exhibit significant nitrogen enrichment. It was suggested that these stars are, or once were, magnetic stars. If we extend the Hunter diagram to consider the effective temperature of each star as shown in Fig. 11 we do not see a significant temperature variation between the two groups but we note that the mass range of stars in this sample is only 8 < M/M⊙ < 20 and so we cannot draw any strong conclusions about the relative mass distribution of the two enriched populations.
The observed distribution of surface abundance anomalies are well reproduced by our model which predicts magnetic fields only in stars less massive than around 15 M⊙. The rest of the stars in the sample continue to evolve as non-magnetic stars as described in Potter et al. (2012b) . The two distinct populations that we see in Fig. 11 are . Distribution of magnetic field strengths with respect to mass and rotation rate for a population of stars undergoing continuous star formation. The population is drawn from a Salpeter IMF and the velocity distribution is Gaussian with mean µ = 145 km s −1 and standard deviation σ = 94 km s −1 . The gray region is where stars are not observed in the simulated population. Less massive stars are eliminated from the sample because they have insufficient magnitude for detection. The black region is for stars that appear in the simulated population but have no discernible field. We see that the magnetic stars in the sample, responsible for producing the slowly-rotating, enriched stars in Fig. 12 come from a narrow region around M = 10 M ⊙ .
reflected by the predictions made in section 3.3, shown in Fig. 12 . This shows a simulated population of stars between 8 M⊙ and 20 M⊙ with our radiative-dynamo model and with magnetic braking. The mass range is smaller than that of the full grid shown in Fig. 1 owing to the removal of the least and most massive stars because of observational effects. The population was generated with the population synthesis code starmaker (Brott et al. 2011b) . It behaves exactly as we would expect from the VLT-FLAMES data. The stars initially have a full spread of rotation rates but the magnetic population spins down rapidly owing to the effects of magnetic braking. The magnetic field continues to affect the mixing and these stars become enriched as they age producing a population of magnetic, slowly rotating, chemically peculiar stars. More massive stars, where an equilibrium field cannot be supported by the dynamo, evolve as non-magnetic stars with hydrodynamic turbulence driving the mixing. This produces a second population whose enrichment increases with rotation rate as modelled in Potter et al. (2012b) . The two populations are also highlighted in Fig. 13 which shows the relationship between field strength, mass and rotation rate in the simulated population. Most of the stars evolve without magnetic fields but there is a small region, at the lower mass limit of the sample (M ≈ 10 M⊙), where stars are predicted to be magnetic. We note that, because this region is very narrow, small changes in the boundary between magnetic and non-magnetic evolution have a significant effect on the number of magnetic stars in the observed sample. It is possible this effect could be produced by fossil fields as discussed in section 3.5 but thus far there is no way to explain why we see such distinct populations in the VLT-FLAMES data or why magnetic fields have a higher incidence rate amongst less massive stars. We also note that those stars in Fig. 11 with nitrogen enrichment 6.8 < log 10 [N/H] < 7.1 and 0 < v/km s −1 < 150 cannot easily be categorized into either group of stars. They may be low-mass, fast rotators that have been partially spun down by magnetic braking, low-mass stars that are born with slow rotation or high-mass stars that are born with slow rotation. These stars evolve along a relatively similar path in the Hunter diagram.
Variation with different parameters
The model currently contains four parameters which we may vary independently. If we include possible recalibration of the Alfvén radius by constants of order unity then this increases to five. We may fix the Alfvén radius by ensuring that the population of enriched magnetic stars is confined to the appropriate band of rotation rates as discussed in section 3.6. We can also set Prc by ensuring that the maximal enrichment of magnetic stars is the same as in the VLT-FLAMES data also discussed in section 3.6. The remaining three parameters may then be varied so that typical field strengths are of the order 10 kG, as observed in magnetic Ap stars (Mathys 2009 ). This value is subject to change though given the scarcity of observations of magnetic stars. This still leaves a high degree of freedom within the model. Up to this point we have used C = Prm = 1 and γ = 10 −15 but we consider the effect of varying Cm and Prm by an order of magnitude in either direction. We ran our 5 M⊙ star initially rotating at 300 km s −1 with magnetic braking. The effect on a number of parameters is shown in Table 1 .
For low magnetic Prandtl numbers it is much more difficult to sustain the dynamo. The same surface field is reproduced with smaller dynamo efficiencies but the minimum sustainable field strength is larger. In the case of small Cm and small Prm, the field was completely quenched by the hydrodynamic turbulence as described in section 3.3. A dynamo could be sustained for stronger surface fields but only by increasing the dynamo efficiency significantly. Even for Cm = 1 we found that for a small reduction in γ the ZAMS field collapsed.
For higher values of Cm, the diffusion of the magnetic field requires a larger dynamo efficiency in order to maintain the same strength field and vice-versa for smaller values of Cm. For simultaneously large values of Cm and Prm the field keeps growing monotonically with time during quasihomogeneous evolution. This is to be expected when the dynamo-driven mixing becomes very high. Typically we could adjust Prc to compensate.
Regardless of our choice of Cm and Prm, the ratio of the poloidal and toroidal field strength is well correlated with the dynamo efficiency. Larger values of the dynamo efficiency lead to a smaller ratio between the two field strengths. This is because of the form of equations (5) and (6). Because the two fields have the same diffusion timescales, their equilibria depend on the regeneration terms. In the case of the poloidal field this comes from the α-effect and for the toroidal field it comes from the shear. In all of our models, the α-effect is much weaker than the effect of shear and so the poloidal field strength is much smaller. However if γ is increased, increasing the regeneration of the poloidal field but having little direct effect on the toroidal field, the ratio between the two becomes much smaller.
There are other aspects of the evolution that are much more difficult to explain and are related to the nonlinearities in the model and their coupling to the effects of stellar evolution on nuclear timescales. We might expect the maximum value of the shear to always be smaller with higher values of Cm because the angular momentum transport is more efficient but, while this is true in general, it isn't a simple relationship. Likewise the maximum main-sequence surface field doesn't seem to correlate with either free parameter.
In particular, the relative abundance of slow and fast rotating chemically peculiar stars may be explained by a shift in the position by mass of the cut-off between magnetic stars and non-magnetic stars discussed in section 3.3. The effect of these free parameters on the position of the cut-off is something we leave for future work.
DISCUSSION
Magnetic fields are one of the most mysterious and least understood aspects of stellar evolution. The first magnetic massive star was discovered over 65 years ago (Babcock 1947 ) and yet debate still rages about whether these fields have primordial origin or are generated by a radiative dynamo acting within the stellar envelope. Models of magnetic stars must reproduce the observed phenomenon of magnetic A stars with unusual surface compositions that have much slower rotation rates than the rest of their population (Mathys 2004) . The data from the VLT-FLAMES survey of massive stars (Evans et al. 2005 ) also supports the idea that there exists a population of stars that are slowly rotating but have a high degree of nitrogen enrichment (Hunter et al. 2009 ).
We have presented a simple radiative dynamo model that arises because of the Tayler pinch-type instability (Tayler 1973) and is based on the model of Spruit (1999) which was further developed by Spruit (2002) and Maeder & Meynet (2004) . Unlike previous work, we have evolved both the poloidal and toroidal fields as independent variables at each radius in the star coupled to the angular momentum distribution of the star. The magnetic fields evolve according to a latitudinally-averaged induction equation with the inclusion of an αΩ-dynamo mechanism derived from mean-field magnetohydrodynamics (Schmalz & Stix 1991) . We introduce a model for magnetic braking similar to that of ud- Doula & Owocki (2002) . The model depends on a number of parameters, the overall strength of the magnetic turbulence, the magnetic Prandtl number, the chemical Prandtl number, the dynamo efficiency and the critical ratio of the kinetic energy to the magnetic energy, which defines the Alfvén radius. The choices of Cm, which affects the strength of the magnetic turbulence, and Prc have a strong effect on the dynamo efficiency needed to sustain the field but the relation between these parameters and the internal evolution of the models is complicated.
In models of the magnetic field, when magnetic brak- Cm, Prm and γ used for each model as well as the maximum internal value of the ratio of the poloidal and toroidal field, rB φ /A and q = ∂(log Ω)/∂(log r), taken at 5 × 10 7 yr. Finally the table shows the maximum value of the surface field during the main sequence. We note three special entries in the table.
(1) This star evolved quasi-homogeneously and produced a monotonically increasing field well beyond the normal main-sequence lifetime. Therefore defining a maximum main-sequence field was inappropriate. (2) This star evolved normally but we note that for a slightly smaller value of γ we were unable to maintain an equilibrium field. This effect was discussed in section 3.3. (3) This star is similar to (2) but in this case we were totally unable to maintain an equilibrium field at the desired strength. We note that for stars (2) and (3), a stronger field can be maintained provided the dynamo-efficiency is sufficiently large.
ing is not included, the field varies only by a factor of a few during the main sequence. When we include magnetic braking, the Alfvén radius is typically between 10 and 100 times greater than the stellar radius and so angular momentum loss is some 10 3 times greater than from non-magnetic mass loss alone. The rapid angular momentum loss from the surface drives additional shear that leads to increased field generation. In magnetic stars with magnetic braking, the field increases rapidly at the start of the main sequence before decaying exponentially. The field strengths at the end of the main sequence are predicted to be of order 100 G.
We consider a population of stars with this magnetic model and find two distinct types of behaviour. For stars more massive than around 15 M⊙ the Kelvin-Helmholtz turbulence dominates over the magnetic turbulence and a stable field cannot be sustained by the dynamo. In these cases we see no appreciable field strength during the main sequence so the stars evolve according to our normal prescription for non-magnetic, rotating stars. The predicted field strength is stronger for rapid rotators but the overall strength does not depend strongly on the stellar mass except near the limit at which the dynamo can sustain the field. Although the magnetic field decays exponentially after an initial peak, it remains strong enough to have a significant effect on the chemical evolution of the star. Though the actual mass at which this dichotomy sets in depends on parameters, the fact it exists is an important consequence of our model.
If we look at the evolution of an artificially strong initial field in the absence of any dynamo action, but subject to the diffusion that arises from the Tayler (1973) instability, we find that reproducing the same TAMS field requires an initial field several orders of magnitude larger than in the presence of a dynamo because any fossil field is predicted to decay exponentially. The fossil field hypothesis suffers from the problem that we expect the fields in low-mass stars to decay more than in more massive stars, likely because of their much longer main-sequence lifetimes. This is opposite to observed trends which suggest that less massive stars are more likely to support strong fields than more massive stars Grunhut et al. (2011) . This model also offers no explanation as to why we see two distinct groups in the Hunter diagram. Both of these issues are well resolved by our αΩ-dynamo model.
We created an artificial population of stars with the population synthesis code starmaker (Brott et al. 2011b) , including the effects of the αΩ-dynamo and magnetic braking. The population reflects well the observations of the VLT-FLAMES survey of massive stars. The survey observed two distinct populations of stars. The first shows increasing nitrogen enrichment with rotation rate, the second is a class of slow-rotating stars that exhibit unusually high nitrogen abundances compared to the rest of the population. This distribution of stars is well reproduced by the magnetic model. The fact that the two very different evolutionary paths arise naturally from the model is very encouraging to explain why we observe these two classes of star without having to appeal to the fossil fields argument.
There are still a number of open questions and further refinements that need to be made to the model. We have evolved a magnetic population of stars with the same initial velocity distribution as the non-magnetic stars. If the radiative dynamo has a strong effect on the pre-mainsequence evolution then magnetic braking causes magnetic stars to reach the ZAMS with significantly slower rotation rates than stars with no significant field. This is indeed observed in stellar populations (Mathys 2004) . Alecian et al. (2008) also discovered a number of stars on the pre-main sequence which exhibited significant magnetic activity. They attribute these to fossil fields by eliminating the possibility that the fields could be generated by a convective dynamo. However, if a radiative dynamo operates in these stars it could also be responsible for the generation of the observed fields. By comparison, the observations of Grunhut et al. (2012) suggest that magnetic stars may reach the main sequence with significant rotational velocities. If magnetic stars were born with slower rotation rates than their non-magnetic counterparts then this would partly explain why the required dynamo efficiency is so small and why the predicted ratio between the poloidal and toroidal fields is so large. If magnetic stars were born with lower surface rotation rates then a higher dynamo efficiency would be needed to produce observed magnetic field strengths. This would reduce the difference between the α-effect and the Ω-effect and so the ratio of the strengths of the poloidal and toroidal fields would be closer to unity. Another possible explanation for why the predicted dynamo efficiency is so small is that we chose the radial coordinate as the length scale for the dynamo action. In reality a more sensible choice may have been the length scale of the saturated magnetic instabilities, lr (c.f. equations (12) and (13)). A shorter length scale would result in a weaker dynamo and therefore the dynamo efficiency would need to be higher to sustain the same field strength.
The observed proportion of Ap stars as a fraction of the whole population of A stars is roughly 10% (Moss 2001) . Our grid of models does not yet extend down to the mass range for A stars (1.4 < M/ M⊙< 2.1) and so we cannot yet say whether our population matches this statistic. We do expect that, given the predicted initial velocity distribution of massive stars, the population of A stars should still be dominated by slow rotators that do not support a radiative dynamo. In the mass range of our simulated population, over 90% of stars in the sample have surface field strength less than 187 G. This is well below the limit of 300 G anticipated for the transition to Ap classification (Aurière et al. 2007) . Although our population contains some very massive stars where we expect smaller field strengths, the form of the IMF ensures that the population is still dominated by intermediate-mass stars so the figure for A stars is likely to be similar. It is also likely that below a certain amount of shear, a dynamo does not operate. We have not taken this into account in our simple model. If it is the case, there may also be a sharp transition between magnetic and nonmagnetic behaviour at low rotation rates.
In our models we have assumed a simple magnetic field geometry. Even if real fields are generated by dynamo action then they may still relax to stable field configurations such as those suggested by Braithwaite & Nordlund (2006) ; Mathis et al. (2011) . Further work is needed to determine how the model might behave differently under these conditions. Further consideration must also be given to the action of convection on the magnetic field. Does our diffusive model apply in convective zones and if so is it anisotropic? Furthermore, can we better constrain the free parameters in the system, including the efficiency of magnetic braking? Although data on magnetic stars is scarce, a great deal of progress has been made possible by surveys such as the VLT-FLAMES survey of massive stars and the MiMeS project. These provide sufficient clues to further constrain our existing models. Additional progress will no doubt be possible thanks to ongoing developments in stellar observations from the MiMeS project (Wade et al. 2009; Grunhut et al. 2011 ) and additional data on stellar surface compositions through projects such as the VLT-FLAMES tarantula survey (Evans et al. 2011) .
CONCLUSIONS
We have presented a new model for a radiative α-Ω dynamo. The model is based on the Tayler-Spruit dynamo (Spruit 2002 ) and incorporates magnetic braking based on ud- Doula & Owocki (2002) . The model predicts two distinct populations of massive stars.
• In stars with masses greater than around 15 M⊙, the dynamo cannot be sustained. These stars evolve as described in Potter et al. (2012a) ; purely hydrodynamic turbulence caused by rotation results in surface abundance anomalies. The degree of chemical peculiarity is correlated strongly with the rotation rate. Less massive stars with low rotation rates also evolve this way.
• Less massive stars with sufficiently high rotation rates have an active dynamo and so exhibit strong magnetic fields. These stars are spun down quickly by magnetic braking and turbulence causes changes to the surface composition. These stars appear as slowly-rotating chemically-peculiar stars in the Hunter diagram (Hunter et al. 2009 ).
These two populations were observed in the VLT-FLAMES survey of massive stars (Hunter et al. 2009 ) and the predicted number of magnetic stars in our simulated sample matches well with observations (Moss 2001) . Further data is needed to confirm the mass-dependency of the simulated field strengths (Grunhut et al. 2012 ). Although this model does not rule out the possibility that magnetic fields in massive stars have a fossil-field origin, it does strongly suggest that they may instead be the result of a radiative α-Ω dynamo.
